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Hadrons formed in heavy-ion collisions are not point-like objects, they cannot occupy too close
space-time points. When the two bosons are too close to each other, their constituents start to mix
and they cannot be considered as bosons subjected to Bose-Einstein statistics, this effect is called
excluded volume effect. We study the volume effect on HBT for the sources with various sizes. The
effect on HBT was shown in out, side and long directions, and it is more obvious for the source with
a narrow space-time distribution. The correlation functions for high transverse momenta are more
suppressed by the volume effect. Hence the incoherence parameter may be more suppressed by the
volume effect for high transverse momenta in small collision systems.
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I. INTRODUCTION
Hanbury-Brown-Twiss (HBT) interferometry has be-
come an important tool for detecting the space-time
structure of the particle emitting sources formed in
heavy-ion collisions [1–4]. The correlation functions of
two identical bosons were defined as the ratio of the
two-particle momentum spectrum N(k1,k2) of identical
bosons to the product of the two single boson momen-
tum spectra N(k1)N(k2), and the theoretical results of
HBT are always above 1. However, the observed data
show that the two-pion Bose-Einstein correlations func-
tion takes values below unity [5–8].
Hadrons formed in heavy-ion collisions are not point-
like objects, they cannot get too close to each other, this
effect is called excluded volume effect [9–11]. When the
two bosons are too close to each other, their constituents
start to mix and they cannot be considered as bosons
subjected to Bose-Einstein statistics, so the HBT ex-
periment cannot see two bosons which are too close in
space-time [12–14]. In Ref. [12], A. Bialas et al. first
study the excluded volume effect on HBT. Then the full
Bose-Einstein correlation functions was shown in three
directions (out,side,long) for pp collisions at 7 TeV [13],
using the blast-wave model [15–17]. The excluded vol-
ume effect on HBT relates to the size of hadrons and the
scale of sources.
In this paper, we study the excluded volume effect on
HBT for the sources with various sizes, using the ideal
relativistic hydrodynamics in 2+1 dimensions to describe
∗zhy913@jsut.edu.cn
the transverse expansion of sources with zero net baryon
density and combine the Bjorken boost-invariant hypoth-
esis [18] for the source longitudinal evolution. In the
calculations, we use the equation of state of s95p-PCE,
which combines the hadron resonance gas at low temper-
atures and the lattice QCD results at high temperatures
[19]. We assume that the system reaches the static local
equilibrium at τ0 = 0.6 fm/c after the collision and take
the initial energy density distribution in the transverse
plane as the Gaussian distribution,
ǫ =
ǫ0
2πRxRy
exp[−x2/(2R2x)− y
2/(2R2y)], (1)
where ǫ0 and Ri (i = x, y) are the parameters of the
initial source energy density and radii.
The rest of this paper is organized as follows. In Sec.
II, we present the calculating formula of two-pion corre-
lation function for hydrodynamic sources. In Sec. III, we
show the excluded volume effect on pion HBT. Finally, a
summary and conclusion of this paper are given in Sec.
IV.
II. CALCULATIONS OF HBT FOR
HYDRODYNAMIC SOURCES
The Bose-Einstein correlation function was usually de-
fined as [2–4]
C(k1,k2) =
N(k1,k2)
N(k1)N(k2)
(2)
= 1 +
|
∫
d4rS(r,K)eiq·r |2∫
d4r1S(r1, k1)d4r2S(r2, k2)
,
2where S(r, k) is the emission function. k1, r1 and k2, r2
are momenta and positions of the particles. q = k1 − k2,
K = (k1 + k2)/2 are the relative momentum and pair
momentum of two identical particles, respectively. With
the “smooth assumption” S(r, (k1 + k2)/2) ≈ S(r, k1) ≈
S(r, k2), the Bose-Einstein correlation function can be
rewritten as [4, 20–22]
C0(k1,k2) = 1 + (3)∫
d4r1d
4r2S(r1, k1)S(r2, k2) cos(q · (r1 − r2))∫
d4r1S(r1, k1)d4r2S(r2, k2)
.
Considering the excluded volume effect, the HBT cor-
relation function becomes [12–14]
Cv(k1,k2) = C0(k1,k2)− Cc(k1,k2), (4)
the corrected part of the correlation function Cc(k1,k2)
was defined as [13]
Cc(k1,k2) = C
(0)
c (k1,k2) + C
(q)
c (k1,k2), (5)
C(0)c (k1,k2) =
∫
d4r1d
4r2S(r1, k1)S(r2, k2)D12∫
d4r1S(r1, k1)d4r2S(r2, k2)
, (6)
C(q)c (k1,k2) = (7)∫
d4r1d
4r2S(r1, k1)S(r2, k2) cos(q · (r1 − r2))D12∫
d4r1S(r1, k1)d4r2S(r2, k2)
,
where D12 is the cut-off function. For hydrodynamic
sources, we treat the cut-off function as
D12 = e
−d2(r1,r2)/∆r
2
−d2(t1,t2)/∆t
2
, (8)
where d2(r1, r2) = (x1 − x2)
2 + (y1 − y2)
2 + (z1 − z2)
2
and d2(t1, t2) = (t1− t2)
2 are the total distance and time
difference between two particles, respectively. The cut-
off distance ∆r ≈ 2rV (where rV is the radius of the
“excluded volume” [9–11, 23] occupied by one pion) was
taken to be 1 fm [13]. The cut-off time difference ∆t
is newly introduced in this study, and it represents the
time required for two particles to leave the overlap region.
The cut-off time difference ∆t is treated as a constant
parameter, and it is taken to be o.2 fm/c in this paper.
It can be seen from the Eq. (4) - (7), the volume effect
on the correlation function is sensitive to the space-time
distribution of the pion source, which will be larger for a
narrow space-time distribution of the pion source.
On the freeze-out surface of hydrodynamic sources, the
pion emission function is defined by the Cooper-Frye in-
tegral [24–27]
S(r, p) =
1
(2π)3
∫
Σ
pµd3σµ(r
′) δ4(r − r′)
exp[pµuµ(r′)/T ]− 1
. (9)
Where uµ(r) is the flow velocity profiles along the freeze-
out surface Σ, and d3σµ(r) is the outward pointing nor-
mal vector on Σ at point r. The pion freeze-out temper-
ature T is taken to be 130 MeV [28] in this paper.
III. RESULTS
A. Pion emission source
In Fig. 1, we show the space-tmie distributions of the
freeze-out points of pion in the z = 0 plane for various
initial conditions. Where the τ and the r⊥ are the time
and the transverse coordinate, respectively, in the z = 0
plane. For a fixed ǫ0, the spatial distribution of the pion
source for Rx = Ry = 2 fm is wider than for Rx = Ry =
1 fm, and the emission time of pion for Rx = Ry = 2 fm
is earlier than Rx = Ry = 1 fm.
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FIG. 1: Distributions of the freeze-out points of pion in the
z = 0 plane for various initial conditions.
TABLE I: Spatio-temporal properties of pion emission source.
Where the initial conditions (a)-(d) are the same as in Fig. 1.
Initial condition τ¯ (fm/c) |r⊥| (fm) στ (fm/c) σr (fm)
(a) 2.07 1.37 0.67 0.53
(b) 1.14 1.94 0.30 0.76
(c) 3.60 1.85 0.94 0.65
(d) 2.82 2.66 1.09 1.10
In table I, we show some spatio-temporal properties of
pion emission source. Where the initial conditions (a)-(d)
are the same as in Fig. 1. τ¯ and |r⊥| are the average time
and the average transverse radius, respectively, of pion
freeze-out points in the z = 0 plane. στ and σr are the
standard deviation of the freeze-out time and transverse
radius:
στ =
√√√√ 1
N
N∑
i=1
( τi − τ¯ ) 2, (10)
σr =
√√√√ 1
N
N∑
i=1
( |r⊥|i − |r⊥| ) 2. (11)
3Where N is the total number of the freeze-out points. τi
and |r⊥|i are the space-time coordinate of the freeze-out
point denoted by i. The στ and σr can represent the
width of the space-tmie distributions of the pion freeze-
out points in the z = 0 plane. For fixed initial radius, the
width increase with the increasing initial energy density
ǫ0.
B. HBT results
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FIG. 2: Correlation function for out (top panel), side (middle
panel) and long direction (bottom panel) in the interval 0.2
GeV/c ≤ KT ≤ 0.4 GeV/c. For a fixed direction, the relative
momentum q for other two directions are less than 40 MeV/c.
Where C0 is the correlation function without the volume ef-
fect, and the Cv is the correlation function with the volume
effect.
In Fig. 2, we show the correlation function for out (top
panel), side (middle panel) and long direction (bottom
panel) in the interval 0.2 GeV/c ≤ KT ≤ 0.4 GeV/c. For
a fixed direction, the relative momentum q for other two
directions are less than 40 MeV/c. In the calculations, we
take the spatial rapidity ηs in the region (−1, 1 ). Here,
C0 is the correlation function without the volume effect,
and the Cv is the correlation function with the volume
effect.
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FIG. 3: The ratio of Cc to C0 for out (top panel), side (middle
panel) and long direction (bottom panel). The results for
the marks of KT1 and KT2 are calculated in the momentum
regions 0.2 GeV/c ≤ KT ≤ 0.4 GeV/c and 0.4 GeV/c ≤ KT
≤ 0.6 GeV/c. Solid lines depict the results for KT1, and the
dashed lines depict the results for KT2.
In Fig. 3, we show the ratio of Cc to C0 for out (top
panel), side (middle panel) and long direction (bottom
panel). Where the Cc is the corrected part of the cor-
relation function. The results for the marks of KT1 and
KT2 are calculated in the momentum regions 0.2 GeV/c
≤ KT ≤ 0.4 GeV/c and 0.4 GeV/c ≤ KT ≤ 0.6 GeV/c.
Solid lines depict the results for KT1, and the dashed
lines depict the results forKT2. Here, the ratio can quan-
titatively represent the volume effect on the correlation
function. The Fig. 2 and Fig. 3 present the following
four phenomena:
I. The correlation functions are more suppressed by
the volume effect for ǫ0 = 20 GeV/fm
3 than for ǫ0 = 100
GeV/fm3.
II. For ǫ0 = 20 GeV/fm
3, the correlation functions are
more suppressed for Rx = Ry = 2 fm than Rx = Ry = 1
fm (see Fig. 2 (a)-(c)).
III. For ǫ0 = 100 GeV/fm
3, the correlation functions
are more suppressed forRx = Ry = 1 fm than Rx = Ry =
42 fm (see Fig. 2 (d)-(f)).
IV. For a fixed initial condition, the volume effect on
the correlation function for high momentum is greater
than for lower momentum.
With the Bjorken boost-invariant hypothesis [18], the
pion emission time and the longitudinal coordinate were
expressed as
t = τ cosh ηs, (12)
z = τ sinh ηs, (13)
for a fixed spatial rapidity ηs, the pion emission time t
and the longitudinal coordinate are proportional to the
emission time in the z = 0 plane. And the width of the
time t and the longitudinal coordinate increase with the
increasing spatial rapidity ηs for a fixed distribution of
the τ .
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FIG. 4: The average emission spatial rapidity of the pion for
different transverse momenta.
In Fig. 4, we show the average emission spatial ra-
pidity of the pion for different transverse momenta. For
a fixed transverse momentum, the average emission spa-
tial rapidity of the pion varies little under different initial
conditions. Thus, the main factor for phenomenon I. is
that the width of the space-tmie distributions of the pion
source in the z = 0 plane for ǫ0 = 20 GeV/fm
3 are nar-
rower than for ǫ0 = 100 GeV/fm
3 (see table I). For ǫ0 =
20 GeV/fm3, the transverse spatial width parameter, σr,
of the pion source for Rx = Ry = 1 fm is a little smaller
than for Rx = Ry = 2 fm. However, the temporal width
parameter, στ , of the pion source for Rx = Ry = 1 fm is
much greater than for Rx = Ry = 2 fm. Thus, the width
of the time and the longitudinal space for Rx = Ry = 2
fm are much narrower than for Rx = Ry = 1 fm. And
it is the main factor for phenomenon II.. For ǫ0 = 100
GeV/fm3, the width of the space-tmie distributions of
the pion source in the z = 0 plane for Rx = Ry = 1 fm
are narrower than Rx = Ry = 2 fm (see table I). And it
is the main factor for phenomenon III.
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FIG. 5: The width parameters of time and space of the pion
source in the z = 0 plane for various initial conditions. The
marks (a) - (d) represent the initial conditions are as the same
as in Fig. 2.
In Fig. 5, we show the width parameters of time and
space of the pion source in the z = 0 plane for various ini-
tial conditions. The marks (a) - (d) represent the initial
conditions are as the same as in Fig. 2. For a fixed initial
condition, the width parameters of time and space of the
pion source in the z = 0 plane for different momenta are
almost the same. The average emission spatial rapidity
of the pion decreases with the increasing transverse mo-
mentum (see Fig. 4). Thus, the width of the time and
the longitudinal space are narrower for large transverse
momentum, and it leads to a greater volume effect on
correlation function of the large transverse momentum
(phenomenon IV.).
For a fixed initial condition, the correlation functions
for high transverse momenta are more suppressed by the
volume effect. Hence the incoherence parameter λ [1–4]
may be more suppressed by the volume effect for high
transverse momenta. Theoretically the incoherence pa-
rameter λ can be less than unity due to partial coherence
of strong interaction, long-lived resonance decays and the
non-Gaussian form of the correlation function [2, 4, 29–
31]. Since for increasing transverse momenta the reso-
nance contributions decrease, the λ-parameter increases
with transverse momenta [30, 32–34]. For small collision
systems, the volume effect is obvious, and it may lead
to a small slope of the λ-parameter with respect to the
transverse momentum.
IV. SUMMARY
Hadrons formed in heavy-ion collisions are not point-
like objects, they cannot occupy too close space-time
points. When the two bosons are too close to each other,
their constituents start to mix and they cannot be con-
sidered as bosons subjected to Bose-Einstein statistics,
this effect is called excluded volume effect [9–11].
5In this paper, we study the volume effect on HBT for
the sources with various sizes. The effect on HBT was
shown in out, side and long directions, and it is more
obvious for the source with a narrow space-time distri-
bution. For a fixed initial condition, the correlation func-
tions for high transverse momenta are more suppressed
by the volume effect. And the incoherence parameter
may be more suppressed by the volume effect for high
transverse momenta. Hence it may lead to a small slope
of the λ-parameter with respect to the transverse mo-
mentum for small collision systems.
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